A two-degree-of-freedom direct-drive induction motor (2DoFDDIM), whose solid rotor is coated with a copper layer, is capable of linear, rotary, and helical motions and has widespread applications. For solid-rotor motors, the calculation and analysis of rotor total eddy current loss (TECL) are crucial in studying the factors causing such a loss and possible loss reduction methods. In this study, a new nonlinear analytical method considering the saturation of the rotor core is proposed to solve the fundamental magnetic field. The new method divides the time period into segments. The magnetic field distribution at any time is obtained using Maxwell equations. The eddy current losses in the copper layer and rotor core caused by the fundamental magnetic field are calculated. The surface eddy current losses in the copper layer and rotor core caused by harmonics are calculated using a 2D analytical method. TECL is determined by the sum of eddy current and surface eddy current losses. Coefficients are utilized to consider eddy, saturation, and end-region effects when calculating the rotor core TECL. The new method is verified using 3D FEM, and the results show the proposed method has higher accuracy than the original method. The errors of the rotor core and copper layer TECLs are less than 6% and 7.3%, respectively.
Introduction
A two-degree-of-freedom direct-drive induction motor (2DoFDDIM) [1] [2] [3] [4] that produces rotary, linear, and helical motions has widespread applications in special industrial products, such as industrial robot arms, drill presses, and carving machines. A copper-coated solid rotor is applied to 2DoFDDIM to improve the motor output torque. This solid-rotor induction motor has a simple structure, high reliability, high mechanical strength, and low maintenance cost. However, it has inherent disadvantages, such as large rotor eddy current loss that leads to a serious temperature increase, which considerably affects the safety of operation and service life of motors. Thus, analysis and calculation of rotor eddy current loss are crucial.
The eddy current during solid-rotor induction motor operation is induced by fundamental and high-harmonic magnetic fields. Studies on the literature [5, 6] used a 3D-space harmonic analytical model to investigate the air gap flux and secondary losses of a single-side linear induction motor with a solid and laminated back iron. The model considered skin, end, and edge effects. In reference [7] , a 2D analytical method was established to compute the magnetic field distribution, eddy current, and steady-state performance of solid-rotor induction motors. In references [8, 9] , an analytical model based on Maxwell's equations was proposed to calculate the surface eddy current losses. In another study [10] , the surface eddy losses in the solid rotor of an induction motor were computed using a 2D analysis method and the Poynting theorem. However, the influence of rotor core saturation, which is an important factor, was disregarded in the above-mentioned analytical methods. Thus, this study proposes a new analytical method that considers the saturation effect of the rotor core to calculate the rotor eddy current loss. This consideration improves the accuracy of loss calculation.
In this study, a 2DoFDDIM is transformed into two single-degree-of-freedom motors, wherein the coupling effect is disregarded [11, 12] . The rotary part is selected as a research object to calculate the rotor loss. The rotor total eddy current loss (TECL) consists of TECLs in the copper layer and rotor core. TECL in the copper layer includes eddy current loss caused by the fundamental field and surface eddy current loss caused by harmonic magnetic fields. The eddy current loss in the copper layer (ECLCL) is computed using an original linear analytical method and a new nonlinear analytical method that considers the nonlinearity of the rotor core. The surface eddy current losses in the copper layer (SECLCL) are computed using a 2D analytical method. TECL in the copper layer is determined by the sum of ECLCL and SECLCL. The eddy current loss and surface eddy current losses in the rotor core (ECLRC and SECLRC, respectively) are calculated using the new method and a 2D analytical method, respectively, and various coefficients are utilized to consider eddy, saturation, and endregion effects. The corrected analysis results are compared with those derived by the 3D finite element method (FEM), and the results show that the errors of the rotor core and copper layer TECLs are less than 6% and 7.3%, respectively. The accuracy of the new nonlinear analysis method is verified.
Structure and Parameters
The 2DoFDDIM consists of two arc-shaped stators in the rotary and linear parts and a solid rotor coated with a copper layer, as shown in Figure 1 . The 2DoFDDIM can be transformed into two independent arc-shape linear induction motors if the coupling effect is ignored [2] . The rotary part is selected as the study object, and the main parameters are listed in Table 1 . 
Rotor Calculation
The rotor TECL consists of the copper layer and rotor core TECLs, which are induced by fundamental and high-harmonic magnetic fields. Therefore, rotor TECL can be obtained as (1) where P Cu and P Fe are TECLs in the copper layer and rotor core, respectively; P Cu-eddy and P Fe-eddy are eddy current losses in the copper layer and rotor core (ECLCL and ECLRC) caused by the fundamental magnetic field, respectively; P Cuv and P Fev are surface eddy current loss in the copper layer and rotor core (SECLCL and SECLRC) caused by harmonics, respectively.
Linear Analytical Method of ECLCL and ECLRC

Magnetic Field Analysis
The following assumptions are proposed to simplify the magnetic field analysis.
(1) The curvature effect is disregarded. The rotor and stator are expanded into a semi-infinite flat model [13] . (2) The phenomenon wherein the no-load speed exceeds the synchronous speed caused by the longitudinal edge effect is disregarded [14] . The synchronous speed is n 1 = 60f
The primary core has infinite permeability, and the conductivity is zero. (4) The end, hysteresis, and saturation effects are ignored. The rotor material is isotropic, and permeability and conductivity are constant. Two sets of the coordinate system are established to analyze the magnetic field distributions in the rotary part of the motor. Figure 2 shows an expanded plate model of the rotary part [15] . One set of the rectangular coordinate system (x, y, z) is fixed on the rotor, and another set (x1, y, z) is fixed on the stator, in which the origins of the coordinates are taken at the center of the rotor. Here, x, y, and z express the circumferential, radial, and axial directions of the motor, respectively. The relationship between x1 and x is ω 1 t -ax 1 = sω 1 t -ax, where s indicates the slip, ω 1 denotes the primary angular frequency, t is time, a = π τ ⁄ , and τ is the pole pitch. The stator winding current is equivalent to the sheet current at the junction of the stator and air gap, as shown in Figure 2 . Sheet current density J sż is sinusoidal and moves with a synchronous speed along the x-axis. The axial amplitude of J sż is constant, and J sż can be represented as a Fourier series with periodic 2Le as follows [16] :
where ∑ = n ∑ n = 1,3,5,··· , J 0 = √2m 1 K dp N 1 I 1 pτ refers to the magnitude of the stator surface current density, m 1 is the number of the phases, Kdp represents the coefficient of fundamental winding, N1 indicates the armature winding number, I1 denotes the root mean square (RMS) of the stator phase current, m 1 is the number of the phases; − L e 2 ⁄ ≤ z ≤ L e 2 ⁄ , and Le is the stator axial length.
The current density only has the z-component according to Assumption (5)
Thus, the vector magnetic potential is Ȧ = k ⃗ A z , A x = A y = 0. The magnetic field differential equations of the air gap, rotor copper layer, and rotor core are as follows: (5) where A gż , A cż , and A iż indicate the axial components of the vector magnetic potential of the air gap, rotor copper layer, and rotor core, respectively. Equations (1) to (4) are solved according to the boundary condition A iż = 0, and the vector magnetic potentials are obtained as follows:
A iż = C in e α n y e
where (13) On the basis of the boundary conditions (9)- (13), the above-mentioned undetermined coefficients are obtained:
where µ (14) into Equations (6) to (8) , and other quantities are obtained.
Mathematical Model of ECLCL
The electric field strength of the rotor consists of the inducted part caused by ∂Ḃ∂t ⁄ and the motional part caused by v̇ × Ḃ [17] . The expressions of the induced current densities in the copper layer are obtained according to Ḃ = rotȦ, J̇ = σĖ, and A x = A y =0 [18] [19] [20] .
where v2 expresses the linear velocity of the rotor relative to the fundamental magnetic field. ECLCL is calculated by the following equation [6] :
When n = 1, 3, 5, 7, the results of ECLCL and the sum of every component are calculated in different slips, as shown in Figure 3 shows that all curves increase with the increase of the slip. When the slip is constant, the loss decreases with the increase in n. This phenomenon can be explained by Equations (7), (15), and (16) simultaneously. The vector magnetic potential A cż is positively correlated with 1 n . Thus, A cż and the induced current density j cz decrease with increasing n. The fundamental component is the main part of the sum, and the seventh component is close to 0. Thus, the high-order components can be ignored.
Mathematical Model of ECLRC
For the rotor core, the inducted current density is obtained by substitutions in Equations (15) and (16), such as A cż →A iż , σ Cu →σ Fe . The expressions of the inducted current density and ECLRC are as follows [6] :
The calculation results of ECLRC and the sum of different slips when n = 1, 3, 5, 7 are shown in Figure 4 . Similar to ECLCL, all curves of ECLRC increase with the increase of the slip. When the slip is constant, the loss decreases with the increase in n. 
Nonlinear Analytical Method of ECLCL and ECLRC
The material of the 2DoFDDIM rotor core is steel, and the saturation effect of the rotor core is ignored, as indicated in Section 3. μ_r Figure 5 . B-H and relative permeability curves of steel Figure 5 shows that the relative permeability is large when the magnetic field strength (H) is small. However, the relative permeability decreases as the magnetic field strength increases, and the relative permeability is small when H is large.
Equation (14) shows that the relative permeability of the rotor core, (µ
factor that affects the motor vector magnetic potentials. Thus, when the saturation increases, the influence of a small relative permeability must be considered for an accurate calculation of loss. According to Equation (2), J sż is sinusoidal and moves at a synchronous speed along the x-axis. Any point of the stator is selected as a calculating point. Then, the copper layer and rotor core loss powers in the radial direction of this point can be calculated. The computed results multiplied by the corresponding volumes are the ECLCL and ECLRC.
For the calculating point, the saturation differs at different times. In this work, the time period of J sż is divided into 2m segments (shown in Figure 6 ) to determine the magnetic field distribution at any time. The process of solving magnetic fields while considering saturation is listed below, and Figure  7 shows the computational program diagram of ECLCL. (8) Calculate the inducted current density J̇ and the copper layer and rotor core loss powers in one segment by using Equations (15) to (17) . (9) Multiply the obtained loss powers by the corresponding volumes to obtain ECLCL and ECLRC in one segment. In this study, m = 11. Hence, 0 ≤ k ≤ 5 , s = 0.1-1 . The calculated results of the relative permeability obtained by the above-mentioned method are shown in Figure 8 . In Figure 8 , the x-axis is the slip (s), the y-axis is time (k), and the z-axis is the relative permeability (µ Figure 9 . ECLCL considering the nonlinearity of the rotor core Figure 9 shows that the loss of each component increases with the increase of the slip, and the seventh component is close to 0. Thus, the high-order components can be ignored. These are similar to the curves of ECLCL obtained by the linear analysis method shown in Figure 3 .
For the rotor core, the vector magnetic potential of the rotor core surface A iż is obtained by the computational program shown in Figure 7 . The distribution of the magnetic field in the rotor core interior is very complicated. Thus, firstly, we ignore the saturation of the rotor core interior and obtain the relative permeability µ r . Then, we calculate the ECLRC. Finally, to consider the influence of eddy, saturation, and end-effects, we correct the results using coefficients.
The material of the rotor core interior is A3 steel. When the saturation of the rotor core interior is neglected, µ r = 1355.614 on the basis of the relative permeability curve shown in Figure 5 . We substitute the the vector magnetic potential of the rotor core surface A iż obtained by Figure 7 , and µ r into Equations (7) In Figure 10 , all loss curves increase with the increase in slip as long as the slip is small (s < 0.6), and the curves drop for large slips (0.6 < s < 1). When the slip is larger than 0.6, the stator current increases slightly, such as I s=0.6 = 10.5066, I s=0.8 = 11.5066, I s=1 = 11.5808, and the vector magnetic potential A iż increases slightly based on Equations (7) and (17) . The coefficient α n increases as the slip increases. The influence of α n is large; therefore, A iż decreases rapidly during the calculation. As a result, the ECLRC decreases. A bulge can be observed at s = 0.2. The reason is that the time period of sheet current shown in Figure 6 is divided into 22 segments. Ten segments reach saturation when s = 0.2. Fourteen segments reach saturation when s = 0.3. Increasing m can reduce the distortion of the curve.
When the slip increases, the eddy current on the rotor core surface also increases. As a result, the degree of saturation and the tangential current in the end-region increase greatly, the armature reaction caused by the rotor eddy current intensifies, the skin effect is enhanced, and the heat generation caused by power loss increases enormously [21] .
The saturation coefficient K rs = 1.31 and the eddy coefficient K rc = 0.9 are used to consider saturation and eddy effects. For the end-region effect, various coefficients were proposed, whose expressions are as follows:
 K eG was proposed by Gibbs [22] :
 K eK was proposed by Kesavamurthy [23] :
 K ey was proposed by Yee [24] :
 K em was proposed by Mokirinihoph [25] :
 K eu was proposed by Lee Tesor [26] :
 K eF was proposed by Fengli Fu and Jinming Lin [27] :
where
, and ∆ is the penetration depth. Figure 11 shows that none of the aforementioned coefficients can express the relationship between slip and the end-region effect accurately. Thus, Yan Hu proposed a new end-region coefficient, K FE . It can be written in terms of slip as follows [28] :
The curves of all coefficients are shown in Figure 11 . 
Analytical Model of SECLCL and SECLRC
The air gap of the solid-rotor induction motor has fundamental and high-order harmonic magnetic fields. The eddy losses caused by the harmonic fields, which are distributed on the rotor surface, are called surface eddy current losses [29] . For the studied motor, the following assumptions are proposed to simplify the analysis and calculation. The 2D analysis model is shown in Figure 13 . The rectangular coordinate system is fixed on the rotor. 
Expression (25) can be solved by separation of the variables, and the expression of the magnetic field strength on the rotor surface is established on the basis of the relationship between magnetic field strength and magnetic density, B = µH, as follows: (27) where v expresses the harmonic order, and ω v , τ v , B vy0 , and H vy0 indicate the angular frequency relative to the rotor, the polar distance, the effective value of the rotor surface magnetic density, and the magnetic field strength, respectively; a = |γ|cosφ, b = |γ|sinφ, and
+jωµ . The rotor current is assumed to include the axial component. Hence, E ̇= k ⃗ E z . The expression of the electric field strength is obtained by solving Equations (26) and (27):
The eddy current loss is calculated by the following equation.
where Evm denotes the amplitude of the electric field intensity generated by the v-th order harmonic. When the edge effect is ignored, the Equation (22) is simplified as [10] :
where D expresses each layer's outer diameter. SECLCL and SECLRC are calculated by substituting the corresponding parameters into Equation (23), and the results are shown in Figures 14 and 15 . Overall, all curves tend to decrease with the increase of the slip. The results of SECLRC are extremely small. The eleventh component is close to zero. Thus, the high-order components can be ignored.
Results Comparison and Analysis
To verity the new analysis method, a 3D finite element model is established based on the parameters listed in Table 1 , as shown in Figure 16 . TECLs in the copper layer and rotor core can be calculated by Equation (1) . 
Copper Layer TECL
TECLs in the copper layer obtained by FEM, the original linear analytical method, and the new nonlinear analytical method, are compared. The results are shown in Figure 17 and Table 2 . Figure 17 and Table 2 show that the three curves have the same trend. When the saturation effect is ignored, the analysis values are greater than the simulation values in large slips (s ≥ 0.3), and the error increases as the slip increases. When the new analysis method that considers the nonlinearity of the rotor core surface is adopted, the analysis values are reduced obviously, and the calculation accuracy is improved. Most errors are less than 15%, except for the error when s = 0.1, which is 17.43%. The errors are acceptable. Hence, the new analysis method is valid. Partial errors are greater than 5% (0.3 ≥ s ≥ 0.1). The reasons for these phenomena are as follows:
(1) With the increase in slip, the saturation of the rotor core increases. When the saturation is ignored, the relative permeability of the rotor core is much higher than the actual value, and the magnetic density and analysis value of the loss are large. The new method, which considers the nonlinearity of the rotor core, can improve the accuracy of the rotor core's relative permeability. Thus, the rotor core's relative permeability decreases, and the loss analysis value decreases. (2) The radial inducted current is disregarded. The FEM can consider the loss caused by the radial inducted current. (3) Owing to the stator circumferential breaking structure, the longitudinal edge effect is formed at the stator end. The end magnetic field and the end induced current caused by the longitudinal edge effect increase the loss in the rotor. According to Assumptions 2 in Section 3.1, the edge effect is ignored in the analysis calculation, so the error increases. (4) In this work, the period of surface current density J sż is divided into 22 segments (m = 11); m is not large enough and influences the accuracy.
Rotor Core TECL
TECLs in the rotor core obtained by the three methods are shown in Figure 18 and Table 3 . The difference of the errors between the results obtained by the linear analytical method and FEM is remarkable. The new nonlinear analytical method can obviously improve the accuracy, and the errors are 177.8%-547.6% down to less than 7.3%. The errors are acceptable. The values of the analysis results are mostly smaller than the simulation ones, and the reason is that the losses caused by the radial and tangential induced currents are ignored.
Conclusion
In this paper, a 2DoFDDIM whose solid rotor is coated with a copper layer, is regarded as the research object. TECLs in the copper layer and rotor core of the rotary part are calculated using analytical methods. Comparison of the values obtained by the linear analytical method, nonlinear analytical method, and 3D FEM yields the following conclusions:
(1) For TECL in the copper layer, most errors are less than 6%, except for s = 0.1-0.2. For the rotor core, the errors of the corrected nonlinear analysis results are less than 7.3%. Hence, the new analytical method is valid. (2) In this paper, the time period of J sż is divided into 2m = 22 segments. The value of m influences calculation accuracy. Calculation accuracy and computation time increase with the increase of m. (3) Induced current is observed in the radial direction, and the edge effect occurs at the stator end.
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